Model T++: An Empirical Joint Space-Time Registration
Model
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ABSTRACT

General Terms

We present an empirical registration model derived from the
WLAN registration patterns of the mobile users. There exist
models that accurately describe individually the spatial and
temporal aspects of user registration, and demonstrate the
importance of this modeling. The main distinction of the
new model from the previous empirical models is that we
are able to formulate the inter-dependence of space and time
explicitly by a set of few equations. Our extensive studies of
the WLAN traces indicate that a simple but proper notion of
popularity gradient suffices to capture the correlation across
space and time. Indeed, when locations (i.e., AP coverage
area) are differentiated with respect to the number of visits
they are receiving (i.e., AP popularity), the time spent at
each location i before user moves from i to k turns out to
be closely related to the difference of popularity between
locations i and k. This observation led to the design of
a joint time-space registration model (referred to as Model
T++) that builds upon the Model T, which itself models
only the space aspect of the registration, but is derived from
the same campus WiFi network. As part of the process
of generating a joint space-time model, we further extend
spatial aspects of the Model T.
We evaluate our model using various metrics against a
random walk model as well as the Model T by superimposing location independent time series on these space-only
registration models. Our results suggest that with a slight
increase in the model complexity, our joint time-space registration model is able to better capture the real network registration than the independent time models. Model T++
can be easily integrated into both WLAN and multi-hop
wireless mesh network simulations that require realistic registration models.
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Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
MobiHoc’06, May 22–25, 2006, Florence, Italy.
Copyright 2006 ACM 1-59593-368-9/06/0005 ...$5.00.

Keywords
WLAN, registration models, mobility models

1.

INTRODUCTION

Mobility models are of paramount importance to assess
the performance of protocols and fine tune the protocol parameters to get the best performance in various mobile network environments. Routing protocols in mobile ad hoc
networks (MANETs) and mobility support in wireless local
area networks (WLANs) are the most common examples
that require user/node mobility models.
In the past, various theoretical and a few empirical mobility protocols have been proposed. Early theoretical mobility models such as random walk, random waypoint, and
random direction have been extensively used in the literature due to their simplicity and mathematical tractability.
These models, however, are shown to exhibit unintended behavior [4, 8] or sometimes lack the desired stationarity features [9]. More sophisticated theoretical models have been
proposed to capture the characteristics of different environments (e.g., city vs. terrain) with obstacles or boundaries,
to introduce memory in the subsequent move decisions of a
given mobile node, or to impose group mobility behavior,
all of which constitute a large effort to provide more realistic mobility models while keeping the complexity low (see
[4, 5] and the references therein for a good account of these
theoretical models). Nevertheless, none of these models are
derived from an extensive set of mobility data, but rather reflects some expected behavior on the mobility of users under
coarsely defined circumstances. Such intuitive expectations
may prove to fall apart from modeling the actual systems
[14].
It is with this motivation that more recently mobility (or
registration) models based directly on the empirical data
have been proposed in the literature [1, 2, 3]. One common
denominator of these works is that all of them study the user
registration patterns of various campus WiFi LAN data, extract useful features that are representative of the complex
patterns of how users change their associations across APs,
and abstract a mobility model at varying granularity. Our
goal in this paper is also to focus on user registration patterns, not on the exact geographical mobility.
In [1], we proposed Model T as a comprehensive WLAN
registration model. This model captures only the spatial

movements of the users across the APs. Nevertheless the
model reveals important characteristics of the campus WLAN
of Dartmouth College. The model shows that user registration patterns exhibit a distinct two-level hierarchy, and that
WLAN access points (APs) can be clustered based on the
transition rate matrix. Cluster size distributions are highly
skewed, as are intra-cluster transition probabilities and trace
lengths obeying heavy-tailed Weibull distribution. There
is general similarity across hierarchies, in that inter-cluster
registration patterns tend to have the same characteristics
and distributions as intra-cluster patterns. The model also
oversees popularity of an AP as an important feature and
provides a fit by exponential distributions for the fraction
of popular APs in a cluster as a function of the cluster size.
Model T however does not provide a time model beyond
stating that independent time models can be superimposed
on Model T. Indeed, the residence time model for the same
campus data is available in the literature, specifically in our
past work [7].
In another very recent work [2], authors develop a mobility model based on the campus WLAN data of ETH Zurich.
The data set considered in that work corresponds to a network of 166 APs. Authors divide the geographical network
coverage into uniform cells, where each cell corresponds to
an AP. The paper models the mobility as alternating sequences of ON and OFF states, where during the ON state,
user is attached to an AP whereas during the OFF state,
it is not attached to the network. Instead of hierarchies in
the form of clusters, the model enforces three different move
types by assigning different transition probabilities for consecutive ON states: a user can stay in the same cell, move to
a neighboring cell, or move to a non-neighboring cell. Each
user is assigned a number of moves and a set of cells she
can visit throughout the simulation. The residence times
in each cell and in the intermediate OFF states are computed separately. Authors suggest a power-law distribution
such as Pareto to model the residence time for the ON state
and uniform random distribution for the OFF state. Furthermore, the model clips the residence times such that a
maximum velocity constraint is not violated. Hence, similar
to [1], this model also provides an independent space-time
model.
Since both networks seem to have quite different AP densities, it is not surprising to see that the empirical models from two different WLAN campuses significantly deviate
from each other. Both models with their respective metrics seem to capture the spatial mobility quite well with
a few parameters, yet they do not investigate the interdependence between the space and the time aspects. Often,
mobile nodes tend to move slower or faster depending on the
particular location. Various factors such as obstacles or the
context of the location (e.g., classroom, corridor, outdoors,
etc.) may have different impedance against physical mobility. Indeed, our own studies suggest that such independent
treatment of the space and the time dimensions may not
be adequate overall; but rather that there exists a strong
correlation between the two.
Our approach to find out the correlation between the
space and time is to extract a proper basis from the registration data that can sufficiently represent the correlation. AP
popularity and a well-defined popularity gradient prove to
offer an elegant and effective way for interrelating the space
and time aspects without going into the details of obstacle

modeling or context information. We define AP popularity as the number of visits an AP receives during the entire
time period of our study. Our joint time-space model can
summarize the inter-dependence of the time and the space
aspects of the mobility by as few as three equations; one capturing the randomness in the residence time distributions,
and the other two relating the distribution parameters to a
well-defined popularity gradient. The model roughly suggests the following: when there is a transition from a very
popular AP to an unpopular AP, the residence times before the transition tend to be much larger than other type
of transitions, i.e., for transitions from an unpopular AP to
a popular AP as well as for transitions between APs with
similar popularity. Though, the model does not preclude
outliers in the range of AP popularity differences observed
in the empirical data.
Since we use the same data set as the Model T and our
findings can be easily integrated with it, we augment the
spatial-only Model T into a joint space-time registration
model, which we will refer to as Model T++. The key finding is that even though one may have accurate individual
space and time registration models separately, the description of the overall space-time registration process requires
that the space-time correlation be taken into account. We
demonstrate that this correlation is not a nuisance, rather
it is of crucial importance for registration modeling. We
evaluate our joint space-time model against spatial Model
T coupled with an independent time model to assess the
quality of the new model we introduce. Our results indicate
that with a small increase in complexity, Model T++ in fact
significantly outperforms independent space-time models.
The rest of this paper is organized as follows. In Section
2, we present our system model, assumptions, and methodology. In Section 3, we first briefly explain Model T and our
extensions to this spatial registration model. In Section 4,
we demonstrate our empirical findings on how the space and
the time dimensions of real user mobility are correlated with
each other. Section 5 provides the complete joint space-time
model, i.e., Model T++, that we propose. In Section 6, we
evaluate our joint space-time model against the models that
treat space and time dimensions independent of each other.
In Section 7, we discuss further improvements over Model
T++. Finally, we conclude our paper in Section 8.

2.

SYSTEM MODEL, ASSUMPTIONS, AND
METHODOLOGY

In the development of our joint space-time registration
model, we use the data collected at the campus-wide wireless local network of Dartmouth College [6]. The network
itself is topologically quite dense with 586 APs in 161 buildings spread over about 200 acres. The portion of the data
we use bears a two-year long record of AP association, disassociation, and reassociation records from 6202 users. These
records are generated by collecting the event reports from
each AP transmitted in the form of “syslog” messages to
a common server. The messages carry information about
the event type, the event time, and the unique MAC-layer
address of the wireless client card. The data is represented
as user traces, each carrying a chronologically ordered sequence of two-tuples {AP,time of registration}. When the
user is disconnected from the network, i.e., not associated
with any APs, it is in the OFF state. We will treat the OFF

state as a special AP constituting an important feature of
our mobility model. The residence time at a given AP is
assumed to be the time spent in that AP until the user gets
disassociated or reassociated at another AP.1
Since the data do not provide an exact geographical position, we will interchangeably use the terms AP and location
without any geographical position inference. In our data, it
is a common event for a user to be re-associated with another AP without physically moving the particular wireless
card. Since the traces actually correspond to a wireless card,
it does not necessarily imply that it is the same human user
who actually roams around the network with a given card.
However, this is not much of a concern, since we are trying
to develop a mobility model for the ensemble of all the users,
not for an individual user. Hence, without loss of generality,
we will refer to each unique MAC address as a distinct user.
Other limitations of the data are that the residence times
before transiting into the OFF state is not always accurately
captured and that there is a small number of discontinuities
in the data due to the loss of “syslog” messages. We anticipate that these inaccuracies do not alter our model drastically. For instance, the inaccuracies in the residence times
before the OFF states stem from the fact that whenever a
mobile remains inactive for a period longer than 30 minutes,
it is accepted as an implicit diassociation. Hence, residence
times that are less than 30 minutes are in fact due to an
explicit disassociation message (around 70% of the moves)
and they do not contribute to any inaccuracies. On the
other hand, when the residence times are larger than 30 minutes, there may be a maximum inaccuracy of 30 minutes in
the measurement of the actual residence times. Fortunately,
large residence times before transiting into an OFF state is a
dominant feature in the collected data rendering 30-minute
inaccuracy insignificant. More details on the data collection
method and the network can be found in [6, 13].
Given the geographical precision of the data, we limit ourselves to providing a mobility model for systems where only
the wireless end users roam around a relatively stationary
wired or wireless relay network. For those systems, most
network protocol evaluations require a topological location
over the network graph rather than the physical location of
the users. Moreover, the mobility model based on a registration pattern captures the randomness in the signal strength
variations, the fuzziness in the coverage areas, and the actual
physical mobility, which makes the simulation environment
simpler by removing the burden of defining the signal and
cell level details. Furthermore, the major findings such as
how to inter-relate the space and time aspects as well as
how to model the events for user’s joining and leaving the
network can be incorporated into a grid-based geographical mobility model. The former requires however that the
grid-based model has (or can be augmented to include) AP
popularity as a model feature.
Our basic methodology in the development of Model T++
is similar to the development of other empirical models [1,
2]. We first mine the experimental data to understand and
1

The underlying network model does not allow for a mobile
to get associated with many APs at the same time. Hence,
our registration model is also limited to simulating such a
network setting and cannot be trivially extended to scenarios
where a mobile can get associated and communicate with
many APs at the same time or where simulation of soft
handoff events are desirable.

extract its dominant features. We divide the data into two
disjoint sets of training and test data. We develop a statistical mobility model with as few equations and parameters as possible to characterize the training set. We then
generate synthetic mobility traces and compare them with
the test data with respect to the already extracted dominant features. As a result of this process, we develop a
joint space-time mobility model, called Model T++. The
nomenclature stems from the fact that instead of developing a spatial model from scratch, we built upon Model T’s
findings over the same data set.
Next, we overview Model T and provide the extensions
we propose over the spatial features of that model.

3.

MODEL-T AS A SPATIAL MODEL AND
OUR EXTENSIONS

Model-T provides a hierarchical spatial mobility model.
We briefly summarize next the main characteristics of this
model, as it serves, together with our extensions, as the
basis for generating the spatial portion of our synthetic registration data. The spatial modeling extensions we make to
Model T to facilitate the generation of the joint space time
synthetic data are also detailed in this section.
Model T generates for each user a sequence of locations
that are visited by the user throughout the simulation, as
follows. The model accepts the number of users and the
number of locations (APs) as the input. The locations are
then partitioned into disjoint clusters, where the number
of clusters and cluster sizes are either provided as inputs,
or otherwise the model uses the cluster information from
the Dartmouth data. Intra-cluster and inter-cluster transition probability matrices are generated from parameterized
model Weibull distributions. Each user makes a number of
transitions inside its current cluster before making a transition to a new cluster. The transition decisions between two
locations inside the same cluster, as well as between the two
clusters are performed according to the transition probability matrix. Hence, Model-T provides a hierarchical mobility
pattern. Both the number of intra-cluster, and inter-cluster
moves are also drawn from parameterized Weibull distributions.
Model T in its original form misses important features
and as it will be more clear after providing the empirical
findings of the inter-dependence of the space and the time
aspects, it cannot directly be augmented to a joint correlated
space-time model. The rest of this section is dedicated to
the explanations of these necessary modifications.

3.1

Spatial Model Extensions over Model-T

As part of the process of generating a joint spatio-temporal
model for the registration data, we make a few extensions
to model T in terms of the spatial modeling of these data.
First, we use an explicit modeling of the transitions to
and from OFF states compared to model T. In this context,
we model the OFF state as having a dual identity according
to the hierarchical modeling methodology used by model T.
A first type of transition involving the OFF state consists
of a user registering at AP x in cluster i, followed by an
OFF state for that user, which is then followed by the user
registering at AP y in the same cluster i. This sequence
of transitions is exemplified in Figure 1. These types of
transitions to and from OFF are considered intra transitions

square error rmse = 0.02401. The corresponding variation
of parameter b with cluster size is best described by the
equation:
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Figure 1: Intra-cluster transitions to and from OFF.
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Figure 2: Inter-cluster transitions to and from OFF.
and modeled at this hierarchical level of the model.
The second situation we model, involving the OFF state,
is illustrated in Figure 2. The user registers at an AP in
cluster i, goes to OFF state, then registers at an AP in
cluster j. In this case, the OFF state can be modeled as
a registration to a virtual AP interposed between the two
clusters that contain the originating and destination APs.
As such, the transitions to and from OFF are modeled as
inter-cluster transitions.
Using this modeling for OFF state transitions, there are
corresponding changes in the determination of the synthetic
intra- and inter-transition probabilities compared to model
T, in that the corresponding transition probability matrices have an extra row and column corresponding to the
”intra-OFF” and ”inter-OFF” states as discussed above.
Also, the parameter values of the CDF models from which
the transition probability values are drawn to generate synthetic data change as well, whether for the intra- or intercluster case. The transition probabilities in a cluster, and
those corresponding to the inter-cluster case, continue to be
well-modeled by Weibull distributions as it was the case for
Model T, however with different parameter values, which
are given next, and also summarized in Section 5.
We note that for the intra-cluster case, for each cluster size
we could use a Weibull distribution fit to the transition probability data, with different parameters. This would imply a
per-cluster parametrization of the corresponding transition
probability CDFs. A more compact and general description
is obtained if we model the variability in the parameters
a and b of the Weibull CDF fits to the empirical transition
probabilities CDFs, with respect to cluster size. The Weibul
CDF equation is:
x b

F (x) = 1 − e−( a ) .

(1)

Then, the variation of parameter a with cluster size has
the equation:
y(x) = peqx + r,

(2)

with coefficients p = 1.539, q = 0.5105, r = 0.2321, and
goodness-of-fit (GOF) measures R2 = 0.9777 and root mean

with coefficients p = 5.976, q = −0.966, r = 0.5556, s =
−0.04295, and GOF measures R2 = 0.8769 and rmse =
0.114. As for all other curve fits in this paper, the Matlab
curve fitting toolbox was used for the calculations.
For the inter-cluster case, we have a single set of clusters,
and thus a single parameterized CDF fit to the empirical
inter-cluster transition probability CDF obtained from the
real data. This is described as well by a Weibull CDF with
parameters a = 0.000216 and b = 0.2288, and GOF measures R2 = 0.9874 and rmse = 0.0151.
Thus, we now have new parameterizations of the model
transition probability CDFs for both the intra-cluster and
inter-cluster cases, that include the effects of the modeling
of the OFF state at each hierarchical level. These parameters, aside from describing additional features of the data
in terms of the OFF state transitions, also have different
values from those in Model T. These new model parameterizations will be used to draw synthetic transition probability
values which are used to populate the corresponding intraand inter-transition probability matrices for generating the
synthetic traces, as it was done in Model T.
A second modification to the spatial modeling done in
model T, is obtained by changing the modeling of an important feature of the data in terms of the popularity of
APs in a cluster, and of clusters in the network (containing
all clusters). This approach applies in similar manner to
the two hierarchical levels used in modeling, i.e., at intracluster level where we deal with APs, and at inter-cluster
level where we deal with clusters. Rather than separating
APs or clusters based on their popularity attribute, and using this feature for transition probability assignment as it
was done in model T, we will follow a different, more general
approach, that does not necessitate the setting of a threshold in order to separate popular from ”unpopular” APs or
clusters. In this approach, each AP or cluster has a degree
of relative popularity compared to its peers. This modified
view of the relative popularity of APs and clusters will be
used in the modeling process as detailed next.
Intra-cluster and inter-cluster transition matrices are constructed (this time having as entries the absolute number
of transitions among APs in a cluster, or between clusters,
respectively). Also, the OFF state modeling previously presented is now used to construct such augmented intra-cluster
and inter-cluster transition matrices. Thus, for either an
intra-, or for an inter-transition matrix, we denote by N (i, j)
an entry in the ith row and j th column, which represents
the number of transitions from AP (or cluster) i to AP (or
cluster) j. For each such transition matrix, the relative frequency of transitions into an AP (or cluster) j is determined
by taking the ratio of the number of transitions into that AP
(or cluster) and the total number of transitions for the cluster containing that AP (or for the network of clusters):
P
i N (i, j)
,
(4)
f (j) = P P
i
j N (i, j)
If we now order the AP (or cluster) frequencies f (j) in
decreasing order and plot these values, we obtain a picture
of relative AP (or cluster) popularity, from the most popular
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Figure 3: Ranked AP popularity variation in a cluster of size 25.
to the least popular element. Figure 3 shows an example for
a cluster of size 25.
A sample fit to the empirical popularity data is also shown
in Figure 3. In fact, all the intra-cluster AP popularity fits
conform to an exponential:
y(x) = ae ,

Mean residence time vs ap−popularity
3000

2500

(5)

with parameters a and b. For the cluster of size 25 shown in
Figure 3, the parameters are a = 0.2006 and b = −0.1756,
with GOF measures R2 = 0.989 and rmse = 0.00513.
One could use directly the fits to these curves to model
the relative AP popularity data in clusters of different sizes.
However, for the intra-cluster case, a better (and more generalizable) approach is to describe the variation of the clusterlevel fits with the cluster size. Thus, the variations of the
parameters of the fits (a and b in Eq. (5)) with cluster size
are parameterized as follows. For the variation of parameter a with cluster size, a fit of the form in Eq. (3) is best,
with coefficients p = 0.818, q = −0.1241, r = 0.09937,
s = 0.02341, and GOF measures R2 = 0.8974 and rmse =
0.0522. For parameter b variation with cluster size, the
same fit in Eq. (3) is best, with parameters p = −0.5226,
q = −0.06029, r = −0.00304, s = 0.1257, and GOF measures R2 = 0.8336 and rmse = 0.0392.
For the inter-cluster case, only one set of clusters is available in our case so we will use the direct fit to the empirical
cluster popularity data. The inter-cluster popularity is fitted
best by Eq. (3), with parameters p = 0.04712, q = −0.04903,
r = 0.603, s = −1.97, and GOF measures R2 = 0.99375 and
rmse = 0.001403.
Therefore, at this point we have parameterized the variation of AP popularity inside clusters of different sizes, as
well as the variation in the relative popularity of clusters.
These parameterizations will be used in Model T++ to assign transition probabilities in the intra- and inter-transition
probability matrices, respectively.
Ultimately, the extensions to model T in terms of the spatial modeling of the registration data will be used to generate synthetic space-time traces, as detailed in section 6.
The associated parameterizations presented in this section
are gathered in a table along with other spatial modeling
aspects in the same section.
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4.

EMPIRICAL FINDINGS ON TIME-SPACE
INTERDEPENDENCE AND MODELING

We find that AP-popularity is a dominant feature of the
empirical data that allows well-defined characterization of
the inter-dependence between the time and the space aspects
of node mobility.
We define the AP popularity as the total number of visits
an AP receives from all the user traces collected over the
span of two years of our data. Figure 4 plots the sorted
AP popularity after normalizing the individual popularity
by the sum of all popularity values. Although the AP popularity spread is quite significant, we also observe that it
varies in general progressively across adjacent APs. It is
not shown in this paper, but it is important to note that,
when OFF state is considered as another AP, it receives almost 15% of all the visits in the network becoming the most
popular fictitious location.
It is interesting to see if we can relate the time spent in
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gij =

qi − qj
.
qi + qj

(6)

From the definition, it is clear that −1 ≤ gij ≤ 1. The transitions that are from more popular locations to less popular locations correspond to positive gij values, and as the
popularity gap increases, gij approaches 1. For the opposite scenarios, where the transitions are from less popular to
more popular locations, we are on the negative half of the gij
values, and as the popularity gap increases, gij approaches
-1. The transitions between equally popular locations are

0.8

0.7
Cumulative distribution

each location with the popularity of the location. It turns
out that the popularity value on its own does not really reveal enough information about the space-time dependence.
Figure 5 depicts the situation for the first moment of residence time statistics and our findings do not reveal that
popularity has a strong correlation with the residence times.
This observation motivated us to focus on analyzing the residence times before and after a move occurs, and their relation to the frequency of occurrence for that particular move.
Figure 6 shows how the residence times at the outgoing
locations changes with respect to the transition rates. For a
transition from location i to location j, we refer to i as the
outgoing location and j as the incoming location. At first
sight, it looks possible to hypothesize that there is an inverse
correlation between residence times and transition rates, i.e.,
smaller transition rates correspond to higher delay spread or
in other words less likely moves from a given location have
higher uncertainty in the residence time at that location.
However, a closer examination confirms that in fact there
are a significant number of outliers and the rule does not
apply uniformly over all intervals of transition rates. On
the other hand these results also indicate that the transition
rather than the absolute location provides more information
about residence times. Indeed, it turns out that a properly
defined gradient function, which can relate to the dominant
feature of both end points of a move, captures the space-time
interdependence sufficiently well.
We define the popularity gradient gij of popularity indices qi and qj corresponding to a transition from outgoing
location i to incoming location j as follows:
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concentrated around the center, i.e., gij = 0.
As illustrated in Figure 7, each gij value has a corresponding set of residence times at the outgoing locations. Figures
8, 9, and 10 show that the cumulative distribution functions
(CDFs) of these residence times have very accurate Weibull
fits for different gij values, more specifically for gij values at
−0.81, 0.961, and 0.071. These fits have the corresponding
R2 values of 0.972, 0.9893, 0.988 and rmse values of 0.048,
0.02822, 0.031 respectively. Note that there can be different pair of locations with the same gij value, in which case
the residence times are combined together. The Weibull fits
generally hold over the entire gij range, but for convenience
we only show here the fits for the gij values representative
of the critical points -1, 1, and 0. One could find better
individual fits for each value of gij using different parameterizations. However, following this approach would result
in greatly increased modeling complexity and also in overmodeling. Instead, the main finding here is that the a and
b parameters of the Weibull fits follow a very nice pattern,
for uniformly good fits over the gij range, and that they can
be modeled as exponential functions of gij values. Due to
the numerical limitations of our curve fitting tools over very
large number of points (> 18000), we bin the gij -with each
bin having equal number of points- and curve fit the average
a and b parameters of the Weibull distribution. The fitted
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Figure 10: The CDF of the residence times and its
Weibull fit at the outgoing location corresponding
to gij = 0.071 .
curve is of mixed exponential type as given in equation (3).
For Weibull a parameter variation, the fitted parameter values are p = 42.21, q = 0.2251, r = 1.293 × 10−7 , s = 21.95,
for which R2 = 0.97405 and rmse = 15.56. For Weibull b
parameter, on the other hand, the fitted parameter values
are p = 5.9 × 10−7 , q = −25.14, r = 0.6563, s = 0.02793,
where R2 = 0.5246 and rmse = 0.08784. Although the
Weibull b parameter has a less accurate fit, the spread over
the worst fit region is small and the Weibull distribution becomes much more sensitive to the a parameter in that range.
Figure 11 and Figure 12 illustrate the quality of these fits,
which in effect help us in describing the whole space-time
inter-dependence via only three sets of equations (see the
bottom row in Table 1).
In light of these observations and the findings of the previous sections, we are now ready to provide the complete
space-time model (Model T++) in the next section.

−0.8

−0.6

−0.4

−0.2
0
0.2
Popularity gradient (gij)

0.4

0.6

0.8

1

Figure 12: The b-parameter of Weibull fits for the
residence time CDFs of each gij follows an exponential decrease as a function of gij values.

5.
5.1

MODEL-T++: A JOINT SPACE-TIME MOBILITY MODEL
Model Parametrization

In the previous section we showed the salient features that
we extracted from the real trace data for the purpose of
modeling the correlation between the spatial and temporal
aspects of the registration process.
In the current section, we present an overall description of
Model T++, which relies on the combination of individual
feature parameterizations previously described in this paper.
The space-time correlations of the real registration data are
captured by the model. Using this model, one can generate
synthetic registration patterns that conform statistically to
the real registration patterns. Model provides only a few
additional parameters to control the scale and behavior of
the spatio-temporal characteristics.

Table 1: Summary of model T++ parameters
Parameter
Variation
of AP
popularity
with cluster
size c

Symbol
Eq. (5)
a, b
parameters

Distribution
a distributed
as in Eq. (3)

b distributed
as in Eq. (3)

Intra-cluster
transition
probability

Mc (i, j)
is intra-cluster
prob matrix,

Weibull param. a,
distributed
according to Eq. (2)

c is
cluster size,
i, j are
the APs in c

Weibull param. b,
distributed
according to Eq. (3)

Intra-cluster
trace length

lintra

Weibull

Inter-cluster
transition
probability

M (i, j)
is inter-cluster
prob matrix,
i, j are clusters
linter

Weibull

Eq. (1)
a, b
parameters

Weibull a parameter
distributed
as in Eq. (3)

Inter-cluster
trace length

Variation
of space-time
correlation
with
popularity
gradient gij

Weibull

Weibull b parameter
distributed
as in Eq. (3)

Values and GOF
p = 0.818
q = -0.1241
r = 0.09937
s = 0.02341
rmse = 0.05221
R2 = 0.8970
p = -0.5226
q = -0.06029
r = -0.00304
s = 0.1257
rmse = 0.0392
R2 = 0.8336
p = 1.539
q = 0.5105
r = 0.2321
rmse = 0.0240
R2 = 0.9773
p = 5.976
q = -0.966
r = 0.5556
s = -0.0429
rmse = 0.114
R2 = 0.8769
a = 0.0904
b = 0.2345
rmse = 0.0202
R2 =0.9148
a = 0.0069
b = 0.2673
rmse = 0.0175
R2 =0.9873
a = 431.2
b = 0.9214
rmse = 0.0146
R2 = 0.9969
p = 42.21
q = 0.2251
r = 1.2e-7
s = 21.95
rmse = 15.56
R2 = 0.974
p = 5.9e-12
q = -25.14
r = 0.6563
s = 0.0279
rmse = 0.0878
R2 = 0.5264

For the spatial portion of the parametrization of Model
T++, we use a modified version of Model T as outlined in
section 3. Recall that the extensions over the base Model T
relate to the modeling of the OFF state and of the AP and
cluster popularity. For convenience, we reproduce here only
the inputs and parameters of the spatial model T, which
incorporate the changes effected by our spatial modeling
modifications. To this spatial modeling description, we add
the parametrization of the space-time correlation captured
by model T++, to complete the spatio-temporal description of the empirical registration data and fully characterize
model T++. Thus, Model T++ abstracts the set of empirical spatio-temporal traces into a small set of parameters and
equations that govern the synthesis of registration data.
Similar to the summarization of Model T parameters in a
table in our previous work [1], to make the comparison with
Model T easier, we will insert a tabular summary in Table
1. We will describe the step by step process of generating
the synthetic data next using Table 1 as the reference.

5.2

Trace generation using Model T++

We use model T++ to generate synthetic space-time registration traces in the following way. First, the synthetic spatial registration data is generated using the spatial parametrization of Model T++. Subsequently, we generate the time
dimension, i.e., how long users remain in the same location,
using the modeled dependency among space and time aspects. Thus, at the end of this process Model T++ produces
a set of joint space-time synthetic registration data.
Let us first present the generation of the spatial registration traces using Model T++. This portion bears many

similarities with the process employed by Model T. However, as we showed in section 3, the extensions we made to
the spatial modeling do produce changes compared to Model
T. We summarize here the entire spatial generation process,
however placing more emphasis on the differences in spatial
trace generation between models T and T++.
We start with the number of mobile users n, and the total
number of APs. A spatial trace consists of a sequence of
AP IDs (including the OFF state). As an option additional
information can be supplied, regarding clusters of APs and
their number, initial placing of mobile users among the APs
etc. The clustering information may be provided by the user
of the model. We discuss here the case when this information
is not available. Therefore, we use the cluster distribution
observed in the Dartmouth data. Also, the initial placement
of users at APs is assumed to be random.
A complete synthetic trace for a user is generated by starting from a random cluster, and making a transition to one
of the other clusters as prescribed by the inter-transition
model. Once a destination cluster is selected, a number of
intra-transitions are made in that cluster before moving to
another cluster. The number of intra-transitions is determined by the intra-cluster length model given in Table 1.
When an inter-cluster move is made, the process is repeated
again until a number of inter-cluster moves is completed.
The number of inter-cluster moves is also determined by the
inter-cluster trace length model in Table 1. The full trace
generation process is repeated for all users.
In the context of this hierarchical modeling and generation, let us describe first the generation of spatial intracluster moves in a cluster of size c. We start by assigning
normalized popularity values vk , each drawn from the popularity model CDF described in Table 1, to each AP inside
the cluster including OFF as another AP. We then proceed
in the following order to construct a transition probability
matrix M of size (c + 1) × (c + 1) including the OFF state.
(1) Sort the popularity vector of APs in ascending order.
Accordingly, the least popular AP has index 1 and most
popular AP has index (i + 1). Let the ith row of M represent the transition probabilities from the ith AP, and ith
column represent the transitions to the ith AP. (2) For ith
AP, compute the relative weight wi = round(vi ∗ (c + 1)),
where round(·) returns the closest integer to its argument.
Pick wi unique rows with no entries assigned yet. For each
picked row (say row j), draw c transition probability values
from the CDF model for a cluster of size c. Assign the highest transition probability value to the ith column, assign 0
to the jth entry (i.e., self transition), assign the rest of the
(c − 1) transition rates uniformly random to other entries.
(3) Repeat step (2) for i = 1, · · · , (c + 1), so that all the
entries are completed.
To summarize, at this point in the generation of an intratrace, we have a complete transition probability matrix M (i, j)
whose entries contain probability values drawn from the corresponding CDF model for a cluster of size c, and incorporating the AP popularity model for a cluster of size c.
We assume a heuristic by using the relative weight wi to
make sure that each AP i becomes the most popular with
respect to wi locations. This both satisfies the overall popularity distribution as our results will show and also prevents
a globally popular point by enforcing local popularity for
each AP.
Now, let us assume that we are at AP i in the current

trace, and we need to determine what is the next AP in the
cluster to which the transition will take place. This part
of the spatial generation process is similar to the one taking
place in Model T, and we include it here for ease of reference.
Let us denote by M 0 [i], the row M [i] sorted in decreasing
order of probabilities. Let M 00 [i] be the cumulative value of
P
M 0 [i], i.e., M 00 [i] = ij=0 M 0 [j]. Generate a random number
y ∈ [0, 1], and find the closest index l such that M 00 [l] is the
nearest value to y, with ties broken randomly. Then, let
x = M 00 [l] − M 00 [l − 1]. The next AP is an AP j where
M [j] = x.
For generating inter-cluster traces, we note that the corresponding transition probability matrix will also have one
extra row and column to account for the modeling of the
OFF state. Clusters can be seen now as virtual APs. The
process of generating the inter-cluster transition probability matrix according to model T++ takes place in a similar
manner to the one at the intra-cluster hierarchical level as
described above, but using the proper inter-cluster models
listed in Table 1. Once the inter-cluster transition probability matrix is determined, the process of deciding the sequence of transitions among clusters is executed in the same
manner as for case of APs in the intra-cluster case.
The process of generating the complete synthetic spatial
registration traces is completed as described above, for all
users. Once this is done, we need to generate the dependent
registration-time process according to model T++. For this
purpose, for the entire set of APs, we determine their individual popularity value qi as defined in the beginning of
section 4, based on the synthetic spatial traces generated by
Model T++. Thereafter, we can also determine the pairwise
AP popularity gradients gij as also defined in Eq. (6) in the
same section.
As discussed before, Model T++ provides an elegant mechanism to generate the dependent time model based on the
parameterized correlation between the AP popularity gradient values and the AP residence times. As described in
section 4, the residence time distribution functions corresponding to a particular popularity gradient are Weibull distributed. In turn, the variation of the parameters of these
Weibull distributions with the popularity gradient is parameterized in Model T++. Consequently, for any given popularity gradient value gij determined for any pair of APs
< i, j > in the synthetic spatial transition data generated
by Model T++, we can determine the parameters a, b of the
Weibull distribution of residence times at the originating AP
i (from which the transition to AP j takes place). Then, a
residence time value is drawn from this Weibull CDF having
parameters a and b. The process is repeated for all APs and
users, to generate the synthetic residence times at each AP.

6.

MODEL EVALUATION

For model evaluation, we first extract the model parameters for Model T++ from the training set, generate the
synthetic traces using these parameters, and compare the
properties of synthetic traces against the real traces (i.e.,
test data). We also compare the performance of Model T++
against modified Model T and random walk models. Since
we make spatial extensions to Model T, we will first evaluate
our spatial modeling extensions. However, our focus will be
on evaluating the dependent time model introduced in this
paper.

Note that Model T++ uses the exact spatial trace generation process as modified Model T as described in Section
3. Hence, the comparison in spatial dimension is among
Model T++, random walk, and test data. For the temporal
dimension, we further augment Model T and RW models
by superimposing different residence time models derived
from the training set over the spatial processes each model
generates. Thus, we compare Model T++ against these
augmented models that either do not capture time-space
correlations or capture them in a very limited fashion. We
present the details of our evaluation environment and results
in the sequel.

6.1

Evaluation of Spatial Dimension

We generate spatial traces for a modified random walk
model as defined in [1]. We refer to this modified spatial
random walk model as ”model RW”. The main characteristic
of model RW is that moves are made at random either among
the APs of the cluster to generate RW intra-cluster traces,
or among clusters to generate RW inter-cluster traces. The
number of moves for RW traces at the two hierarchical levels
is set equal to the number of moves in the corresponding
empirical traces. Full traces (intra+inter) are also generated
by model RW.
The traces are designated as ”Real”, ”Synthetic”, or ”RW”,
depending on how they were generated: ”Real” signifies empirical data traces, ”Synthetic” refers to traces generated
using models other than RW, and ”RW” labels traces generated using model RW. We use the same comparison methodology as in [1], for the spatial modeling portion of Model
T++. Intra-cluster metrics are calculated for intra-cluster
transitions, and operate on each trace (Real, Synthetic, or
RW trace) by considering only the transitions in that trace
that occur between APs of the same cluster (including OFF
states). Inter-cluster metrics are determined by considering
only the transitions in a trace that occur between APs of
different clusters (again including OFF states). We also calculate metrics for the total trace, which includes both intraand inter-cluster transitions.
A synthetic inter-cluster trace consists of a sequence of
cluster IDs. Thus, the number of synthetic traces corresponding to a particular cluster (i.e., intra-cluster traces)
is equal to the number of times that cluster ID occurs in
the inter-cluster trace. The total number of synthetic traces
for a cluster size is obtained by summing up the number of
traces generated for each cluster of that size, for all users.
We use metrics M2 and L1 norm, as defined in [1] and
summarized below, to confirm that the spatial modeling
extensions introduced for Model T continue to model the
spatial features of the real registration data well, while providing additional modeling capabilities (i.e., OFF state and
popularity) compared to Model T. At intra-cluster level,
metric M2 measures peak-to-average AP popularity in a
cluster and it attempts to capture the degree of skew in
AP popularity. Thus, M2 calculates the ratio of the number
of intra-cluster transitions incoming to the most popular AP
in the cluster, to the average number of incoming transitions
for all APs in that cluster.
P
maxu∈C ( i N (i, u))
P
(7)
M 2(c) = avg|C|=c
avgu∈C ( i N (i, u))
where |C| = c signifies that the size of cluster C is equal to
c, and N (i, u) represents the number of transitions incoming

into AP u from AP i.
At intra-cluster level, metric L1 is defined as follows:
·
¸
1 X |AC (i, j) − BC (i, j)|
L1(c) = avg|C|=c 2
(8)
c i,j
|AC (i, j)|

Real
Syn
RW
4

3.5

Metric M2

for transition probability matrices AC and BC corresponding to cluster C. The averaging over all clusters of size c is
done since there may be multiple clusters of that size.
Note that for inter-cluster and total-traces there is only
one “cluster” (of virtual APs). Thus, the same metrics M2
and L1 can also be applied to this level of hierarchy (interpreting clusters as sets of virtual APs).
Considering first the intra-cluster hierarchical level and
using these metrics, Figure 13 shows the results of evaluating
metric M2 (peak-to-average popularity) for the real, Model
T++ spatial, and modified RW models. Figure 14 shows the
same comparison as reflected by metric L1. Similarly, the
results of computing metrics M2 and L1 are shown in Tables
2 and 3, for the inter-cluster registration pattern, and for the
total (intra+inter) registration data, correspondingly.
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Figure 13: Metric M2.
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Table 2: Metric M2 (inter- and total traffic) for
modified model T

Table 3: L1 norm of modeling error for modified
model T
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0.45368 0.3438
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These results confirm that the synthetic mobility generated by using our extensions to the baseline model T continue to model well the real mobility characteristics for the
intra-cluster and inter-cluster cases, as well as for the overall
(intra+inter) mobility. We now define a methodology dedicated to comparing the quality of residence-time modeling
among different models.

6.2

Evaluation of Temporal Dimension

To have a meaningful comparison of synthetic traces in
terms of temporal behavior, we augment RW model and
Model T by adding a time model over their space model as
follows. In the case of RW model, we use the gradient-based
approach we developed to capture the time-space interdependence. Since statistically the popularity gradients of the
spatial RW model will tend to zero in the limit, we can draw
residence times for this modified RW model according to a
single empirical Weibull CDF fit (with parameterization a,
b) corresponding to gij = 0. This distribution is derived
from the empirical data (see Section 4) and it represents
a better comparison basis against Model T++ than using
a time model not-derived from the real data. We refer to
this temporally-modified RW model as RW-g. In the case
of Model T on the other hand, we extend it with an independent time model (let us denote it by Model T+ITM) as

Figure 14: Metric L1.
proposed in [7]. This time model is also derived from the
real data using overall CDF of residence times and it does
not depend on the space features.
We show next that even though Model T+ITM is modeling well separately the spatial registration traffic and the
residence time, it is not capable of capturing and exploiting
the inherent dependency between space and time present
in the real data. The main contribution of Model T++
is to jointly model this dependency and use it to generate
synthetic traces that conform statistically to the empirical
registration data.
In a first effort to gauge the effectiveness of the dependent
time model we developed in Model T++, we determine a
comparison among the residence times CDFs (for all AP
residence times contained in traces) corresponding to the
real data, the RW-g model synthetic data, and Model T++
synthetic data. Even when comparing to such an enhanced
RW temporal model (RW-g), we can see in Fig. 15 that the
Model T++ synthetic residence time generation results in
a better modeling of the real residence times compared to
RW-g. Model T++ models very closely the real time data
as shown in Fig. 15. Note that these results on modeling
of the temporal empirical data constitute only a necessary
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Figure 15: CDF of residence times generated by various models.

Figure 16: L1 norm of intra-cluster residence time
modeling error.

but not sufficient condition for making a positive statement
about the quality of the residence time modeling in Model
T++.
Therefore, what we will further do is to test the quality
of the temporal modeling of the real data as a dependent
process conditioned on the spatial registration data. After
all, this dependency is the main feature that Model T++ is
trying to capture and utilize for generating joint space-time
synthetic traffic. For this purpose, we determine a comparison method that operates at intra-, inter-, and complete
(intra+inter) levels in the following way.
The spatial transition matrices used to generate the spatial traces by different models are available. We also have the
transition probability matrices derived from the real trace
data (based on the training set). To each of these spatial
transition probability matrices which describe the transitions between pairs of APs for each model, we can associate
a residence time matrix whose entries consist of residence
times generated according to the method used by each individual model, as previously described in this paper. Thus,
the spatio-temporal dependency (or lack thereof) as present
in each model is expressed by the pair (transition probability
matrix, residence time matrix) corresponding to each model.
Let us sort the entries in each spatial transition probability
matrix, corresponding to each model we test, in such a way
that each row is ranked in, say, decreasing order. Let us
also perform an ordering of the entries of each residence
time matrix for each model, according to the result of the
corresponding transition matrix sort.
As an illustrative example, assume we have two models
A and B we compare, and their space-time matrices pairs
are < SA ,TA >, and < SB ,TB >. We order each of the row
entries of SA in decreasing order, and we preserve the oneto-one correspondence between SA and TA by re-ordering
the entries of TA accordingly. This results in the re-ordered
matrix TA0 . The same is done for the pair < SB ,TB >, and
the result is matrix TB0 .
We now take the time models as reflected by the re-ordered
residence time matrices (i.e., TA0 , TB0 in the example above),
and compare these matrices by considering the norm of
the error between any pair of such matrices. Thus, we
perform the evaluations where we compare the real data

Table 4: L1 norm of residence time modeling error

Re-Syn (T++)
Re-Syn (T+ITM)

L1 norm
Inter
Total
8.6873
7.4242
72.4587 94.2352

with synthetic data generated by Model T (spatial) coupled
with an independent time model (i.e., Model T+ITM), and
with Model T++ synthetic data, which combines the spatial
modeling with a dependent time model. The results of this
evaluation are shown in Figure 16, for the intra-cluster case,
and in Table 4 for the inter- and total traffic cases.
It is clear from the results above that an independent time
model derived from the real data and coupled with a good
spatial model is much better than selecting residence times
at random. This is consistent with previous work on the
topic [7]. However more importantly, as it can be seen in all
cases, the joint space-time modeling of the real data and in
particular the dependent time model as captured by Model
T++ are greatly superior to independent space and time
models, even if the latter models capture well separately
the temporal characteristics of the real data but without
modeling the correlation with the spatial registration data.

7.

DISCUSSION

Model T++ is developed using the user registration patterns over a relatively dense campus WiFi network, where
each AP has an average number of 65 other APs in its neighborhood to/from where the users can move. Therefore, one
can readily use Model T++ to synthesize user mobility for
densely deployed broadband mobile network (e.g., WiFi and
micro-cellular systems) simulations.
One should be more cautious to directly apply Model
T++ on general mobile ad hoc networks. We believe the
best class of scenarios for multi-hop wireless network scenarios is when the wireless routers are relatively stationary
and end users move around the infrastructure as well as join
and leave the network. Since the routing infrastructure is
fixed in such scenarios, rather than the geographical position

of the users, it is more important to have a model that provides when and where a mobile is attached to the network.
This removes the burden of defining the shape of the coverage areas or adding additional signal propagation models to
identify the current access point.
One of the main features of our mobility model besides its
joint time-space property, is that it directly models the churn
events, i.e., users joining and leaving the network, via using
OFF state as a virtual AP and examining its properties in
detail. The OFF state in the prior art (see [2]), is rather
used more as a gauge that determines the velocity of the
user (since every move is preceded by an OFF state). Our
experience is however that users move even during when
they are not in the OFF state. Therefore, we believe that our
model provides a higher granularity in modeling the roaming
behavior of the users.
Model T++ has vulnerabilities if an actual geographical
mobility where the positions of the users are required for
the network simulation. WLAN users tend to select to associate with an AP from which the strongest signal strength
is received. Since this criterion is not necessarily same as
associating with an AP at the minimum distance, the data
can be quite noisy to model the changes in user’s position.
Nonetheless, our model components that generate the actual
space-time correlation and that models the churn events are
quite modular, and they can be easily incorporated onto a
grid mobility model, which enforces geographical mobility.
Although Model T++ does not explicitly model the topological or distance characteristics of the existing data, certain extensions and improvements along that direction are
possible. For instance, the geographical features of the clusters (e.g., cluster diameter) and the properties of the connectivity graph (e.g., degree distributions) can be incorporated
into the model.

8.

CONCLUSION

We presented Model T++, an empirical joint space-time
registration model. To the best of our knowledge, this is
the first empirical model that can successfully describe the
inter-dependence between the space and the time aspects of
the user mobility in a concise fashion via as few as three
simple mathematical equations. We have established this
simple space-time inter-dependence by developing a proper
notion of popularity gradient, which measured the popularity difference between the outgoing and incoming locations.
We were able to model the residence time distributions at
the outgoing locations with high precision as Weibull distributions at each gradient value. Moreover, the variation
in a and b parameters of the Weibull distribution could be
modeled accurately by exponential functions of the gradient
values.
We built our joint space-time model on top of the spaceonly Model T registration model, which was also developed
based on the same empirical data we use in this paper. We
extended that model by first introducing the OFF state as a
virtual AP into the model, which nicely captured the churn
events (i.e. users leaving and joining the wireless network),
and then modifying the definition of popularity of a location.
This latter modification allowed us to directly superimpose
the popularity-dependent residence times as the time aspect
of the model.
We have evaluated our joint space-time model against the
independent space-time models in terms of different domi-

nant features of the empirical data. Our results indicated
that the Model T++ significantly outperformed these independent models with the addition of limited model complexity. Our model can be especially useful for simulating
the user mobility in WLANs, micro-cellular systems, wireless mesh networks with mobile end users, and grid-based
wireless network scenarios.
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